A flexible rheometer design to measure the visco-elastic response of soft solids over a wide range of frequency
We present a flexible set-up for determining the rheology of visco-elastic materials which is based on the mechanical response of a magnet deposited at the surface of a slab of material and excited electromagnetically. An interferometric measurement of the magnet displacement allows one to reach an excellent accuracy over a wide range of frequency. Except for the magnet, there is no contact between the material under investigation and the apparatus. At low frequency, inertial effects are negligible so that the mechanical response, obtained through a lock-in amplifier, directly gives the material complex modulus. At high frequency, damped waves are emitted and the rheology must be extracted numerically from a theoretical model. To validate the design, the instrument was used to measure the rheology of a test PDMS gel which presents an almost perfect scale free response at high frequency. Here, we present the principle of a rheometer where the sample is submitted to indentation rather than shear. Indentation has been widely used to characterize static or transient mechanical properties of solids 11, 12 but not to determine the frequency dependence of the rheological response. In our setup, a magnetic oscillatory force is imposed on the indenter which is a permanent magnet.
The magnet displacement is measured optically: there is no contact between the apparatus and the sample. The magnet inertia is small so that its displacement can be measured over 7 decades in frequency, up to 10 kHz. As shown below, an instrument can be buit easily with simple and mostly off-theshelve components. We derive the theoretical equations of the dynamical system, necessary to obtain the intrinsic shear modulus µ from the raw mechanical response. As an example, we work out the detailed response of silicone gel samples in various geometries.
Set-up -The indenter is a small magnetic disc of radius R, which is placed on the surface of the soft solid under study. A magnetic force F is applied with a coil positioned above the magnet (see fig. 1 ). F is proportional to the current I in the coil, so that the force calibration can be easily performed with the magnet on a precision scale and operating the coil with DC current. In order to avoid electrical resonances and to ensure that F and I are proportional up to 10 kHz, it is important to minimize the stray capacitance between neighboring wires in the coil.
To build the coil, we used a copper wire with a 0. One can infer from dimensional analysis that in the static limit, for a sample much larger than R in all directions, the linear response should obey the scaling law: F ∼ µ 0 RZ, where µ 0 = G ′ (ω = 0) is the static shear modulus. We therefore define the raw output of the experiment as the complex ef-
K(ω) is measured using a digital lock-in amplifier using the intensity in the coil, measured with a shunt resistor, as a reference
signal. Below we demonstrate how this mea- 
were, r is the radial distance from the origin.
Neglecting solid capillary effects, the normal stress σ vanishes outside the contact with the magnet (r > R). The force between the magnet and the sample is found by integration of the stress, and gives
This provides the "conversion factor" between the effective modulus K (i.e. the scaled force measurement) and the intrinsic rheology µ, for the case of thick samples. In many practical cases, however, samples are available only in the from of layers of thickness e small compared to R. In this opposite limit, it is simpler to consider the incompressible case ν = 1/2, in order to apply the lubrication approximation for which the normal stress σ at the free surface obeys the momentum balance (see Appendix):
This can be integrated to
which gives a force-displacement relation
Equations (3,6) provide the asymptotic results, respectively, for large and small ratio e/R. For the general case of arbitrary thickness, we define the conversion function κ(e/R) as
This formula has been determined by numerical solution of the (incompressible) elastic problem for arbitrary thickness, and is shown as the solid line in fig. 2 . In order to check our setup and to measure κ, we have performed systematic measurements of K(ω)
at low frequency, for R in the range 1 to 5
mm and e in the range 1 to 100 mm. First, we verify that the rheological data K(ω) for various e/R can be collapsed to a single curve (inset of fig. 2 ). This confirms that, in the non-inertial regime, the same κ applies to all frequencies. In addition, the scaled data coincides with an independent measurement of µ(ω) using an Anton-Paar rheometer, up to the frequency f = 100 Hz (ω ≃ 628 rad/s).
For the PDMS gel considered, the complex modulus is very accurately described [13] [14] [15] [16] by and therefore is expected to scales as
where G ′ R is the storage modulus at the resonance frequency. This is indeed consistent with the experimental ω R , when using a multiplicative factor of about 1.5.
In addition, the inertia due to the magnet must be taken into account to extract the force. Namely, the force F entering the def- ψ. Then, the modes of wavenumber k are described by (see Appendix)
Hence the spatial modes exhibit a radial 
The final step is to find the superposition of modes that describes the disc-indenter, which requires that H = Z for r < R and σ = 0 for r > R. This constitutes a standard mixed problem which can be easily solved iteratively in both directions: either one assumes that µ(ω) is known and K(ω) is determined or the other way around.
In figure 3 , we compare the direct mea- In conclusion, the technique is particularly interesting by its simplicity, the possibility to obtain rheological measurements in the quasi-static and in the high-frequency 
where u is the spatial model of the displacement field. We consider cylindrical coordinates r, z, and introduce the axisymmetric streamfunction ψ to ensure incompressibility, defined by:
Projecting the dynamical equation in polar coordinates, one gets:
Eliminating pressure between the two equations, we get an equation on the stream function:
∆ ρω 2 + µ∆ ψ = 0 with ∆ = r ∂ ∂r
Spatial modes can be related to Bessel functions, noting that the differential equation
has as solutions, rJ 1 (kr) and rY 1 (kr). Along the direction normal to the surface, the equations are homogeneous. The vertical structure of a mode is therefore a superposition of exponentials of decay rate q, which satisfy the equation
Solutions are q = ±k or q = ±Q with
where by continuity, at small κ, the root must obey:
The solution for ψ therefore reads:
where the constants are set by the boundary conditions. The pressure field is obtained by integration of ∂ ∂r p.
At the bottom of the layer, we impose a vanishing displacement u r = 0 and u z = 0: 
At the free surface, located at y = 0, we impose a null vanishing stress σ xy = 0 and we want to determine the disturbance to the normal stress σ yy . The condition for the tangential stress reads:
Using regularity of the solution in r = 0, the second Bessel function which diverges at the origin, must be excluded. The three boundary conditions then reduce to:
(A j e ke + B j e −ke + C j e Qe + D j e −Qe ) rJ 0 (kr) = 0. Now, we wish to relate the normal stress at the free surface, σ = σ yy (y = 0), to the surface displacement h = u y (y = 0):
and
Eliminating the coefficients A j , B j , C j and D j , we obtain the green function:
In the limit where e goes to infinity, the Green function reduce to:
This equation is presented in the main text, and forms the basis for the numerical inversion from the force measurement to the rheology µ(ω).
Asymptotic expansions
When inertia is negligible, Q tends to k and the Green's function takes the limiting form:
At small e/R, we can simplify further by taking the limit ek → 0 which coincides with the lubrication approximation:
In real space, this gives back the equation presented in the main text 
The force therefore gives the result presented in the main text:
At large ω, conversely, we expect
which will therefore lead to the scaling law:
as is evidenced also in our experiments.
Discrete Hankel transform
Numerically, we use the discrete Hankel transform, defined by:
where the discrete eigenvectors α n denotes the nth root of Bessel function (α n ≃ 3π/4 + nπ at large n). To project the continuous equations, we evaluate them at N discrete values of r, labelled r k and defined by:
so that:
The mixed problem, defined by an imposed displacement Z(r) normalised to 1 for r < R and a vanishing normal stress σ(r) for r > R, is solved using this representation for both the displacement Z(r) and the stress σ(r). The Hankel transform is used to compute σ, when Z is known, and reciprocally, using the Green function in the reciprocal space. The algorithm is iterative. At each stage, Z is imposed to be unity for r < R but is kept as it is for r > R. The associated stress is determined, which is set to 0 for r > R. The new test profile Z(r) is then determined using the Green function backward. When this simple algorithm does not converge, a small factor ǫ is introduced to superimpose the old profile, weighted by 1 − ǫ and the new one, weighted by ǫ.
The force on the indenter is measured as: 
